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There exist bigraphs that are deterministically separable, but in no less than n
steps, for any n ¥N. Further there exist bigraphs that are non-deterministically
separable, but in no less than 3 steps. © 2001 Elsevier Science
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1. INTRODUCTION
In [1] Beaver et al. pose the question whether there are separable bigraphs
requiring arbitrarily many rounds in order to separate them. A bigraph H
is a finite, non-empty collection of ordered pairs such that if (x, y) is in H,
(y, z) is not, for any z. Effectively, it is a bipartite graph without isolated
vertices. It is intended to represent the state of common knowledge between
two parties and is separable iff they can establish a common secret over an
open channel.
We present a method to construct bigraphs to prove the following:
Theorem 1.1. For every n ¥N there exists a bigraph Hn that is determi-
nistically separable, but in no less than n steps.
Theorem 1.2. There exists a bigraph that is non-deterministically sepa-
rable, but in no less than 3 steps.
Derived from Theorems 3.1 and 4.2 in [1] we define a bigraph H to be
deterministically separable in n steps, if either there exists a partition A1,
A2, ..., Ak of A=A(H) :={a: (a, b) ¥H for some b}, such that the restric-
tions H | Ai :=H 5 (Ai×B(H)), i=1, ..., k, are deterministically separable
in n−1 or less steps, or analogously for B=B(H) :={b: (a, b) ¥H for
some a}. A bigraph H is deterministically separable in 0 steps, if it is
disconnected.
The non-deterministic separability of a bigraph is defined by replacing
‘‘partition’’ with ‘‘covering.’’ We abbreviate ‘‘non-deterministically sepa-
rable’’ to ‘‘separable.’’
2. A METHOD TO CONSTRUCT BIGRAPHS
We start with a minimal bigraph which is separable in one step:
H1 :={(a1, b1), (a1, b2), (a2, b2), (a2, b3), (a3, b3), (a3, b4)}.
This bigraph H1 can only be separated by a partition or covering of B.
Deterministically this can be done only by a partition consisting of the sets
B1 :={b1, b3} and B2 :={b2, b4}.
Main idea of the construction is to connect the components of the
restrictions by adding as few vertices as necessary and edges connecting the
components. More, if one vertex has high degree, this will reduce the
number of partitions convenient to separate the bigraph.
First add two new vertices x2, y2 to A. Then connect y2 only with b2
and x2 with b1, b3 and b4. H2 :=H1 2 {(x2, b1), (x2, b3), (x2, b4), (y2, b2)}
(See Fig. 1).
To construct the bigraph Hn, n \ 3, this procedure will be continued
recursively:
• Add two vertices xn, yn to A(Hn−1) if n is even, B(Hn−1) if n is odd.
• Connect yn with xn−1.
• Connect xn with all vertices of the opposite side except xn−1.
Hn :=Hn−1 2 {(yn, xn−1), (xn, b) : b ¥ B(Hn−1)0{xn−1}}, if n is even
Hn :=Hn−1 2 {(xn−1, yn), (a, xn) : a ¥ A(Hn−1)0{xn−1}}, if n is odd.
FIG. 1. Bigraph after adding new vertices twice.
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3. PROOF OF THEOREM 1.2
Claim. H3 is separable but in no less than 3 steps.
H3 is deterministically separable in 3 steps, due to its construction. With
Theorem 4.6. in [1] we conclude that H3 is not separable in 1 step.
H3 is not separable in 2 steps.
If a bigraph H is separable in 2 steps, then there exists either a covering
A1, A2, ..., Ak of A, such that for each u ¥ B(H | Ai) there exists a
v ¥ B(H | Ai), such that the neighbourhoods N(u), N(v) of u, v in H | Ai are
disjoint, i=1, ..., k, or analogously for B (see [2]).
Every set AŒ of such a covering of A must contain x2. But if x2, a1 ¥ AŒ,
then N(b1) 5N(b) ]” in H | AŒ, for all b ¥ B(H | AŒ).
Every set BŒ of such a covering of B must contain either b2 or x3. But if
b2, b3 ¥ BŒ or if x3, b3 ¥ BŒ, then N(a2) 5N(a) ]” in H | BŒ for every
a ¥ A(H | BŒ).
4. PROOF OF THEOREM 1.1
We proceed by induction on n. The claim is easily verified for n=1, 2.
The case n=3 was shown in Theorem 1.2.
nQ n+1 (n \ 3). Notations used in this proof:A(H1)={a1, a2, a3},B(H1)
={b1, b2, b3, b4}, A(Hn+1) :=B(Hn), B(Hn+1) :=A(Hn) 2 {xn+1, yn+1}.
The induction hypothesis gives n=min{k ¥N0: Hn is deterministically
separable in k steps}. Let n0 :=min{k ¥N0: Hn+1 is deterministically sepa-
rable in k steps}.
(1) n0 [ n+1. Hn+1 is deterministically separable in n+1 steps with
the partition B1 :={xn+1, yn+1}, B2 :=B(Hn+1)0B1. Consequently, n0 ¥N0
is well-defined and n0 [ n+1.
(2) n0 \ n+1. Hn+1 is not disconnected. Thus n0 > 0. (g) There is no
partition A1, ..., As of A(Hn+1), such that Hn+1 | Ai, i=1, ..., s, are all
deterministically separable in n0−1 steps. Otherwise, let A1, ..., As be such
a partition. As xn+1 is connected with all a ¥ A(Hn+1) except xn, there must
be xn ¥ Ai, so that xn+1 does not have full degree in Hn+1 | Ai, i.e., Hn+1 | Ai
is not separable. Thus s=1, A1=A(Hn+1), and Hn+1 | A1=Hn+1 is deter-
ministically separable in n0−1 steps, which contradicts the minimality of n0.
With (1) and (g) there exists a partition B1, ..., Bt of B(Hn+1) such that
Hn+1 | Bi is separable in n0−1 steps, i=1, ..., t.
As xn is connected with all b ¥ B(Hn+1) except the 2 vertices xn−1 and
xn+1, Bi contains one of these vertices, so that xn has not full degree in
Hn+1 | Bi, i=1, ..., t. Therefore we have t [ 2 and even t=2 as n0 > 0.
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Let xn+1 ¥ B1. Using that xn+1 is the only vertex which is not connected
to xn it can be shown in a similar way as above (g) that Hn+1 | B1 must be
disconnected. Thus B1={xn+1, yn+1} due to the construction of Hn+1. As
Hn+1 | B2=Hn it follows that n0 \ n+1.
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